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Problem set 9: The wave equation

'The procedure is identical to the one in the notes for the Dirichlet problem, up to

the imposition of the Neumann boundary conditions. By separation of variables, u =
X (x)G(t), one obtains that

G// X//

—_— = -\ <0.
G X =0

The inclusion of A = 0 will be necessary in a moment. Thus it follows that
X(z) = Acos(A\x) + Bsin(Az).

By the Neumann conditions, we need firstly that X’(0) = 0, and this implies that
B = 0. Secondly, X'(L) = 0 and this implies that

AMsin(AL) =0 = AL =nm = \, = %,
for n € Z. The solution for the G(t) follows directly from solving G” + (cA)?G = 0,
and we obtain the requisite family of solutions

t t
up(x,t) = cos (?) <An cos (m[r/c > + B,, sin (m;c )> )

There is a small issue that we do not require the negative integers ..., —3, —2, —1.
If n = —m < 0, then we see that by the even or odd properties of cosine and sine,
respectively, a negative integer merely produces the same form as the positive integer
but with the coeflicient in front of the sine negated. The arbitrary nature of A,, and
B,, handles this.

The case of A = 0 must be treated separately. Here, we see

X"=0= X = Ky + Kit.
However X'(0) = X'(L) = 0 implies K; = 0. Similarly,
G"=0= G ="Uy+ Ut

Thus we must also allow for the mode

Ay Bot
Uo(SC,t> = Ko(U() + Ult) = 70 + TO

(The factor of half chosen to simplify the Fourier expansions.)

Assume for simplicity L = 7. The function is cos(x) cos(ct), thus the temporal pe-
riod is T = 2n/c. 'The graphs at the three times ¢ = {0,7/2,T} correspond to
{cos(z), — cos(z), cos(x)}.

Assume for simplicity L = w. 'The function is cos(2z) cos(2ct), thus the temporal
period is T' = 27 /(2¢). The graphs at the three times ¢t = {0,7/2, T} correspond to
{cos(2z), — cos(2z), cos(2x) }.

2019-04-0T



(d) The general solution is thus written as

Ag + Byt > nwx nmct . [ nmct
u(zx,t) = —5 +;cos (T) (Ancos ( 7 ) +anm( 7 )) :

At t = 0, we have for the displacement,

oo

ug(x) = % + ZAn cos (?) ;
n=1

so the A,, coeflicients are given by

o L
An:z/o uo(x)cos<n—?>, forn=0,1,2,...

Similarly, for the velocity,
By > nmc nwT
Uo(.flf) = 7 + Z BnT CoSs (T) .
n=1
It is easier if we write this as
bo > nmwx
vo(z) = -+ an cos <T) :
n=1

where we have set by = By and b,, = B, (nmc/L) for n > 1. Thus we conclude that

2 [k nmx
b, = E/o vo(x) cos (T) dx.

Or in terms of B,,, we have

_2 L L nmwT

B, =—
Lnme J,

2. Same procedure as usual, resulting in

u(z,t) = Z (mrf;é%p) sin (?) sin (?) cos (m;ct) :

n=1

3. This is exactly from the course notes (Theorem 18.3 in 18-19’).

4. See attached.

2019-04-0T



o
T\u. Qs AR AL e conuse G‘Q Yo\ €S / \I&(\O:bka_& .

e
X %c-t>c)' Wl Lste. SQURS i oA~ r\ts\/\*

WL\GS ey & halk RV ANAN \\e\%\m

e L Qa =~
T,

¥ T S wcwekmg*\(\ S

* T TireS  tepuasied are @ )Za 24 et

—

9¢. _ZQI_ZQ/

\ . Loowye_ ONeS
¥ T Speedl T @ Qe Tene _ZQ\Z’,%—

Qf:%:(/(_\ c@m@v@v\/b

ol pescguee



1

0.5

0.5

-0.5

0.5


"X Nl
(\a SRoace. deak ool U\ U 3y = 5 \1\5&_’
T=0 SN
20
N
T —p— —F %—{—.
B R -q a 20 3w -t QZ\ZO\ 2o
Ax &
7
- 2o = 3
s = T < 2¢
N
*‘(k (‘l o‘LoL ?‘5&_ ::2&, -0 O\L 200 3:1_



1

0.5

0.5

0.5

0.5

0.5


|SUPPLEMENTARY |

5. The case of C' = A? > 0 results in X (x) = Acosh(Az) + Bsinh(Az). Then the boundary
conditions X (0) = 0 implies A = 0 and the boundary condition X (L) = 0 results in
B = 0. Similarly, the case that X" = 0 results in the trivial solution. The case of Neumann
conditions allows for the solution used in Q1.

6. Setting the Dirichlet conditions at u = 0 corresponds to fixing the height of the string at the
respective point. The most intuitive interpretation of the Neumann condition, u,(0,t) =
Fy, for instance, is that this clamps the string so that it takes a particular angle at the
respective boundary.

A more comprehensive answer seeks to understand the connection between Neumann con-
dition and force. Note that in our derivation of the wave equation, we showed that the
vertical force at a point is given by

Tsinf ~ T4,

where 7" is the tension in the string, and where the approximation occurs since € is small,
and sin 6 behaves as 6 for small values. However, also as a consequence of ¢ being small,
0 ~ tanf (again, consider the Taylor series of tan as  — 0). Finally, tan§ ~ 2* by
elementary geometry and definition of the tangent as the ‘opposite over adjacent’. Hence,

) ou
vertical force ~ T —.
ox

Fixing the value of u, then corresponds to imposing a vertical force.
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